Introduction
Numerous calculations performed over the last two decades have shown that the classical trajectory method 1, [26] [27] [28] [29] generally allows the nearly quantitative description of the dynamics and the kinetics of molecular processes relevant to atmospherical and interstellar chemistry.
These calculations may require quantum corrections to improve their accuracy, like the use of Wigner distributions, 14, 30 one-dimensional tunneling probabilities, [31] [32] [33] [34] [35] [36] Gaussian binning, 8, 13 surface hopping, [37] [38] [39] [40] [41] etc., but contrary to semiclassical calculations, 42-55 they do not assign probability amplitudes and phases to classical paths. In this regard, the classical trajectory method mostly ignores the wave character of nuclear motions involved in molecular processes.
Sometimes, however, these calculations are "too classical" and lack of realism. This is typically the case for rotationally inelastic atom-diatom collisions, of great importance in interstellar chemistry 56 and stereodynamics. [57] [58] [59] [60] [61] [62] [63] [64] [65] Unlike chemical reactions, inelastic collisions may involve strong interference effects that are only partially (if not at all) quenched by the summation over total and orbital (or helicity) quantum numbers involved in the calculation of integral cross sections (ICS). This is typically the case for collisions of nearhomonuclear (almost symmetrical) molecules such as NO with noble gasses. [57] [58] [59] [60] [61] [62] [63] [64] [65] For such processes, interference effects show up in final rotational state distributions, or in the steric asymmetry measuring the dependence of the previous distributions on the initial orientation of the diatom with respect to the atom (quantum expectations oscillate about classical ones).
In an illuminating analysis, McCurdy and Miller 66 showed within a planar model of atom-diatom inelastic collision that the semiclassical theory of molecular collision [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] not only reproduces the previous interference features, but also provides deep insight into their physical origin. The primary reason for this success is that, as previously stated, semiclassical methods assign probability amplitudes and phases to classical trajectories and make them interfere, respecting thereby the quantum principle of superposition. The accuracy with which one makes these paths interfere is the subject of this report.
It should be noted that for atom-diatom inelastic collisions, exact quantum scattering (EQS) calculations are nearly routine nowadays. [67] [68] [69] Moreover, the promizing implementation of the mixed quantum/classical theory by Semenov and Babikov 70-73 may also provide accurate results at a lower computational cost. These benchmark calculations, however, are often too complex to provide insight into the physics underlying interference effects. The main interest of the semiclassical approach of inelastic collisions is thus its explicative power.
One may thus wonder why this approach has never been used to reproduce and analyze the state-of-the-art stereodynamics measurements performed over the last two decades.
57-65
This is likely due to major and somehow discouraging numerical difficulties encountered in the application of semiclassical scattering methods, especially when the dynamics involves trapped trajectories. 53 However, the processes under scrutiny in stereodynamical studies [57] [58] [59] [60] [61] [62] [63] [64] [65] involve a single rebound mechanism and hence, no trapping. 
SCIVR theory in the interaction picture
We consider, within a fixed-plane of the laboratory frame, the collision between an atom and a rigid diatom rotating in the previous plane. Moreover, both the atom and the center-ofmass of the rotor are supposed to move on a fixed line of the plane throughout the collision (see Fig. 1 in Ref. 54 ). Detailed discussions of the classical, semiclassical and quantum dynamics of this collisional system can be found elsewhere. 46, 54, 55 Calling R the distance between the atom and the center-of-mass of the rotor, φ the Jacobi angle and P and J their respective conjugate momenta, the classical Hamiltonian of the system is given by
where
is the unperturbed Hamiltonian. µ is the reduced mass of the atom-diatom system. I is the moment of inertia of the diatom, given by
were m is the reduced mass of the diatom and r its bond length. V (R, φ) is the interaction potential. In addition to φ, we introduce the shifted Jacobi anglẽ
µR/P is the time to go from 0 to R when ignoring the interaction between the atom and the diatom, i.e., when assuming that the dynamics is governed by H 0 instead of H. Moreover, J/I is the angular velocity of the rotor. µRJ/(P I) is thus the variation of φ when going from 0 to R if the Hamiltonian of the system is H 0 . Hence,φ results from making φ evolve forward in time according to H and then backward in time according to H 0 . This evolution is analogous to that of a quantum state in the interaction picture. 75 Note thatφ is a constant of motion in the asymptotic channel where V (R, φ) is zero.
Let S j 2 j 1 (E) be the probability amplitude to go from the initial rotational state j 1 to the final state j 2 at the total energy E. The set of trajectories used further below to calculate this element is defined as follows. They are started at R 1 , large enough for V (R, φ) to be negligible, with H = E = H 0 (see Eq. (1)). Moreover, the initial angular momentum J 1 of the rotor is kept at j 1 . From Eq. (2), we thus have
The initial shifted angleφ 1 can take any value within the range [0, 2π]. The resulting trajectories cross the interaction region and eventually come back to the asymptotic channel.
They are finally stopped at R 2 , large enough for V (R, φ) to be negligible. The values ofφ and J at R 2 are denotedφ 2 and J 2 , respectively. Since bothφ and J are constants of motion in the asymptotic channel,φ 2 and J 2 are their final values. From Eq. (2), we have
We note from Eq. (4) and the left equality of Eq. (5) that
with X 2 equal J 2 orφ 2 . This identity will be useful in the following.
Miller's SCIVR expression of S j 2 j 1 (E) reads
with
and
(see Eq. (3.5) in Ref. 66 ; the only difference is that in the present Eq. (8), an overall and arbitrary phase factor 1/i has been added for consistency with previous developments, 54 and is not kept at 1). The partial derivative
is deduced from the set of trajectories previously introduced and a second batch of nearby paths starting with the same initial conditions but slightly different values ofφ 1 . Eq. (8) can be rewritten as
The phase index ν is equal to 0 if
is positive. In the contrary case, ν is equal to ±1. The two signs are considered since the form of the pre-exponential factor in Eq. (8) does not allow to decide which branch of the square root should be chosen. The calculations performed by means of this first index will be called SC-I − and SC-I + for ν = (0, −1) and (0, +1), respectively.
The model planar collision used to check the validity of Eq. (8) is governed by H with
While α is fixed at 2Å −1 , β is taken at the three different values 0.1, 0.3, and 1.02
A corresponding to increasing couplings between the R and φ coordinates in the interaction region. E is kept at 0.5 eV, j 1 at 0, µ at 2/3 amu, m at 1/2 amu and r at 1Å. R 1 and R 2 are both taken at 4Å, beyond which V (R, φ) is negligibly small and the integrand in Eq. (11) is a constant of motion. The collisional systems resulting from the previous parameters involve strong interferences, as shown by the exact quantum state distributions Fig. 1 (blue circles connected by dotted segments; see
Ref. 54 for some details on their calculations). Since J 1 = 0, we note from Eq. (4) that
For β = 0, there is no coupling between R and φ and J keeps constantly equal to j 1 during the collision. Calling t(R 1 , R 2 ) the time to go from R 1 to the interaction region and back to R 2 , we have
Using Eq. (4), we thus arrive at
with P 1 given by Eq. (5). From Eqs. (7) and (14), and the fact that t(R 1 , R 2 ) does not depend on φ 1 , we obtain ∂φ 2
is represented in Fig. 2 for β = 0 and the three values previously considered. For β equal 0.1, the coupling is small and
slightly oscillates around 1. For β equal 0.3, the coupling is stronger, thus leading to oscillations around 1 of larger amplitude. In both cases, however,
is found to be positive. Hence, the SC-I − and SC-I + approaches lead to the same results, simply labeled SC-I (green squares connected by solid segments in the upper and middle panels of Fig. 1 ). As a matter of fact, the agreement between quantum and semiclassical predictions is very satisfying.
On the other hand, for β equal 1.02, the strength of the coupling is such that Let us momentarily abandon Eq. (11) to concentrate on CSMT, 42-44 the "most classical" semiclassical approach of molecular collisions. The CSMT expression of S j 2 j 1 (E) reads
(we assume here that i 1/2 = e iπ/4 ). The sum is over the discrete set of trajectories starting from R 1 with P 1 given by the right-hand-side (RHS) of Eq. (5) and reaching R 2 with J 2 = j 2 .
The new quantity appearing here is η k , the Maslov index 
where χ k is 0 if f (x k ) is positive, 1 otherwise. 77 When applied to the case where s is small but not negligible with respect to the |f (x k )|'s, Eq. (17) is known as the stationary phase approximation (SPA). We now use it to integrate the RHS of Eq. (11) overφ 1 . First of all, we rewrite Eq. (10) as
Since only the upper bounds P 2 and J 2 depend onφ 1 , we have
Using the fact that P 2 and J 2 satisfy Eq. (2) (with H 0 = E) and using Eq. (4) allows to rewrite Eq. (19) as
which, together with Eq. (9), leads to
From Eqs. (11), (17) and (22), we finally arrive at
The sum is over those trajectories satisfying Eq. (23) . Since the prefactor of the integrand in Eq. (11) 
For clarity's sake, we recall that (i) η k is the number of caustics touched by the trajectories,
is positive, ±1 otherwise, and (iii) χ k is 0 if
otherwise. l is thus necessarily an integer.
We now want to know when Eq. (26) On the other hand, the situation is more complex for β = 1.02 as trajectories touch up to three caustics. The difference between η k and ν k + χ k is found to strongly vary in terms of Since only the relative phases of S-matrix elements are relevant, the value of l is irrelevant.
Taking it at 0 leads to
where π 2 is given by Eq. (6) 
Discussion
The sine qua non condition for obtaining accurate semiclassical predictions from Eqs. (27) or (28) is that R 2 is taken in principle at infinity, in practice at a large value (at least ∼ 10 2 A). The reason is as follows. For β = 0.3, the value of log(R) at the caustics is represented in terms of φ 1 in Fig. 5 . The blue and red curves correspond, respectively, to the blue and red caustics in Fig. 3 . If one takes R 2 at ∼10Å, as is commonly done in classical trajectory calculations, the Maslov index η is found equal to 1 for all the trajectories crossing the red caustic beyond ∼10Å, i.e., for all the paths such that log(R) is larger than ∼1 (see Fig. 5 ).
This is a wrong estimation since η = 2 for these paths. Though the latter represent a small percentage of the whole set of trajectories contributing to S-matrix elements (see Fig. 5 ), the alteration of the rotational state distribution is significant, as seen in Fig. 6 . Total disagreement is found for R 2 = 4Å, value for which the purely classical predictions, or the semiclassical ones according to Eq. (11), are already converged. To get the red curve in Fig. 5 , it was necessary to take R 2 at 10 2Å . For obtaining the rotational distributions, however, such calculations are not only heavy, they are useless. It is sufficient to run trajectories up to 4Å, and then to analytically deduce the trajectory conditions at any larger value of R 2 (we took it at 10 3 ) from those at 4Å. On the other hand, there is no need to take R 1 at a large value, since the first caustic (blue line in Fig. 3 ) lies within the interaction region. R 1 was thus taken at 4Å for all the calculations related to this work.
The value of the norm [Σ = Σ j 2 P j 2 j 1 (E)] is an excellent criterion of accuracy. The closer to 1, the more accurate the semiclassical predictions. In a first series of calculations, we found that for 1800 trajectories, Eq. (28) , where J is now the total angular momentum, and j 2 and l 2 can take any values consistent with the conservation of E and J. For j 1 = 0, a few tens of thousands of trajectories are expected to be sufficient to obtain the ICS, and hence, the steric asymmetry. Note that the analytical extrapolation of the dynamics from a fewÅ to infinity is feasible for an atom-rigid diatom system.
A few years ago, several SCIVR approaches of rotational transitions were proposed within the standard configuration space coordinates (R, φ) 54, 55 . These formulations all involve phase indices making them in principle of general applicability. Unfortunately, however, they also involve integrals of functions oscillating all the more as R 1 and R 2 take large values, making thereby challenging the numerical convergence of S-matrix elements in the asymptotic channel. Eqs. (27) and (28) do not suffer from this drawback, for their integrands do not depend on R 1 and R 2 in the asymptotic channel (apart from η which we know how to calculate).
Amazingly accurate SCIVR calculations have been performed by Elran and Kay. 52 To date, however, their approach has only been applied to collinear processes, and its applicability to three-dimensional collisions is an open issue. 52 Moreover, the mathematical form of their S-matrix elements is much more complex than the one of Eqs. (27) and (28) . It is thus unclear whether this approach can be used to explain quantum interferences as efficiently as Eqs. (27) or (28) . This is all the more so as the previous equations already provide quasi-quantitative results (see Fig. 4 ).
Conclusion
Miller's SCIVR theory in the interaction picture 66 (Eq. (11)) was presented and applied to a model of atom-planar rotor inelastic collision involving strong quantum interferences.
Three coupling strengths between translational and rotational motions were considered. For the two lowest ones, SCIVR predictions were found to be in close agreement with quantum scattering results. For the strongest one, however, clear disagreement was observed. In order to shed light on this finding, the conditions of validity of Eq. (11) were analyzed. We found that the latter tends to classical S-matrix theory [42] [43] [44] 3Å (magenta squares connected by solid segments), and non converged semiclassical (SC-II') calculations according to Eq. (28) for R 2 = 10 A (orange diamonds connected by dashed segments).
